Solutions to Mock S(A)MC - Kevin Hu

Question 1

f 2026°-2025% 9

Problem: Value o 20.26720.95

Solution. Num: (2026 — 2025)(2026 + 2025) = 4051. Denom: 40.51.
Result: % =100. Ans: C
Question 2

Problem: Smallest n s.t. 2026 | n!?

Solution. 2026 = 2 x 1013. 1013 is prime, so 1013! is the smallest factorial containing it. 1013! also

contains 2. Ans: B

Question 3
Problem: a; = 1,a,41 = ﬁ Find as.

@,

Solution. a1 = 1,a9 = %,ag = %,a4 = %,a5 = %. Ans: B

Question 4

Problem: Area ratio of Hexagon to Triangle with equal perimeters (P = 6).

O

Solution. We can construct a regular hexagon with sides s = 1 split into 6 identical unit triangles,
and an equilateral triangle (s = 2) split into 4 unit triangles by connecting midpoints, as shown

below.

55 AN

Hexagon: 6 units Triangle: 4 units

Clearly, the area ratio =6:4 =3/2. Ans: B

Question 5

Problem: Radius r of small circle tangent to large circle (R = 2) and axes.

Solution. The center of the large circle is (2,2) and the center of the small circle is (r,r).

Y
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Origin to large center distance: 2v/2 = rv/2 4+ + 2.
r(V2+1)=2V2-2 = r=2(v/2-12=6—-4y2. Ans: A O
Question 6

Problem: Number of integers n satisfying n* — 20n? + 64 < 0.

Solution. Let x = n?. The inequality 2? — 20z + 64 < 0 factors as (z — 4)(x — 16) < 0, giving
4 < 2 < 16. Substituting back = n?, we have 4 < n? < 16. The only integer n whose square is
strictly between 4 and 16 is n = 3. Thus, there are 2 such integers. Ans: A O

Question 7

Problem: N = abe such that a + b+ ¢ = 15 and cba — abe = 495.

Solution. Reversal condition: (100c + 10b 4+ a) — (100a + 10b + ¢) = 99(c —a) = 495 — ¢ —
a = 5. Sum of digits: a+b+ (a+5) =15 = 2a+ b = 10. Possible (a,b,c) triplets:
(1,8,6),(2,6,7),(3,4,8),(4,2,9). Note a =5 = ¢ =10 (invalid). Total 4 numbers. Ans: E [
Question 8

Problem: AB =6, BC =8, AC = 10. P is dist 2 from AB, 3 from BC. Find dist to AC.

Solution. Place B at (0,0), A at (0,6), and C at (8,0). Then P = (2,3). Line AC equation:
§+i=1= 3x+4y—-24=0.

A(0,6)

B(0,0)
Distance d = ‘3(23/§§fi;24| = ‘6+1§724| = g =1.2. Ans: D O

Question 9

Problem: Sum S = Y77 f (585) where f(z) = F12-

. z 4/4% z . . —
Solution. Note f(z)+ f(1—z) = 4;-1+2 + 4/Afz+2 = 4f+2 + 2+241- = 1. Pairing f(ﬁ) with f(2%20626k)
gives 1012 pairs of sum 1, plus a middle term f(1/2) = % = 0.5. Total sum = 101240.5 = 1012.5.
Ans: B O
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Question 10
Problem: Probability the sum of Die A {1,2,2,3,3,4} and Die B {1,3,4,5,6,8} is 5.

Solution. Total outcomes: 6 x 6 = 36. We construct a grid of all possible sums:

A\B[1 3 4 5 6 8
1 2 4 5 6 7 9
2 3 5 6 7 8 10
2 3 5 6 7 8 10
3 4 6 7 8 9 11
3 4 6 7 8 9 11
4 5 7 8 9 10 12
The sum of 5 occurs in 4 instances (highlighted).
Probability = 34—6 = %. Ans: B O

Question 11
Problem: Sum of real t for acute A, B if sin? A + cos? B = %t and cos®> A + sin? B = %t?

Solution. Adding the two equations: (sin? A + cos? A) + (sin? B + cos? B) = 2t + 3¢,
14+1=3285 — 312 1 5t —8=0.
Factoring: (3t +8)(t —1)=0,s0t=1or ¢t = —8/3.
Since A, B are real, sin? A + cos® B > 0, so %t >0 = t>0.
Thus, ¢ = 1 is the only valid solution. Sum = 1. Ans: A O
Question 12 (Intended for integers not positive integers)
Solution. Rewrite the equation by completing the square:
(x4 y)? + 2y = 34

Since (x + y)? > 0, we must have 2y? < 34, which implies y? < 17. The possible integer values for
y are {0, 41,42, 43, +£4}. We test each case for (x + y)? = 34 — 2y*:

1. y=0 = (z+0)? =34 (No integer solution)

2. y =41 = (x4 1)? = 32 (No integer solution)

3.y =42 = (z+2)? =26 (No integer solution)

4. y=43 = (2+3)?2=34-18=16 = x+3 =44

e lfy=3:24+3=4 = x=Lorz+3=-4 = z=-T.
e lfy=-3:2-3=4 = =7 orx—3=-4 = z=-1.

5. y=44 = (r4+4)>=34-32=2 = (No integer solution)
The complete set of integer solutions (x,y) is:

{(1’ 3)7 (_77 3)7 (77 _3)7 (_17 _3)}
There are 4 such pairs. Ans: D O
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Question 13
Problem: Min value of a* + ab + b* given a? + b2 = 1.

Solution. a* +b* = (a® + v?)? — 2a2b? = 1 — 2(ab)?.

. 2 2
Let k = ab. Since |ab| < “F¥° we have -1 <k < 1.

Expression f(k) =1 — 2k? 4+ k. This is a downward parabola with vertex at k = 2(%12) =1/4.
Max occurs at k = 1/4, but we want the minimum. Check endpoints:

F(1/2) =1-2(1/4) +1/2 = 1.

f(=1/2)=1-2(1/4) —-1/2=0.

The minimum value is 0. Ans: A O

Question 14
Problem: ABCD unit square, CE =1. AENDC =F, BFNDFE = G. Find BG.

Solution. We can appraoch using simple coordinate geometry bash. Place B at (0,0), A at (0,1),
C at (1,0), and D at (1,1). Since CE =1 and F is on BC extended, E = (2,0).

1. Find F: Line AE passes through (0,1) and (2,0) = y = —32+ 1. Since F is on CD (z = 1),
yr=—%(1)+1=0.5. So F = (1,0.5).

2. Find G: Line BF passes through (0,0) and (1,0.5) = y = 0.5z. Line DE passes through (1, 1)
and (2,0) = y = —z + 2. Equating them: 0.5z = -z +2 = 15z =2 = x=4/3,y =2/3.
Thus G = (4/3,2/3).

) D
G
B
C E
3. Calculate BG: BG = \/(4/3)2 + (2/3)% = \/16/9 + 4/9 = /20/9 = 2/5. Ans: D O

Question 15
Problem: Min value of f(z) = 220:107 x — k.

Solution. The sum of absolute differences is minimized at the median of the data points.

Points are {0,1,...,2017} (2018 points). Median is any value in [1008, 1009].

Let = 1008. f(1008) = Y72 [1008 — k| = 2312 j + 1009 = 210081009 4 1009,

1008 x 1009 4+ 1009 = 10092 = 1018081. Ans: B ]

Question 16
Problem Statement: Let S = 5207 % Find the value of |45].

n=1

Solution. To determine [4S |, we approximate S by calculating the initial terms and bounding the
remaining ”tail” of the series.
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1. Grouping
We separate the first three terms and group the remaining terms to create an upper bound:

8
S<it(mto )t mttm )t (bt )+
23 " 33 43 73 83 153) "

Group 1 Group 2 Group 3

2. Hidden geometric series
By comparing the sum to a geometric series where each block of 2* terms is bounded by the first
term of the block, we get:

S<l4s+oo+ |t ot Ly
8 27 16 64 256

[e’e) 1 k
S <11 7
< 620+Z<4>
k=2
1

The sum of the infinite geometric series 5o ,(5)" with first term a = {5 and ratio r = § is:

116 1/16 1
Tail = 4 — — ~0.0833
MTT 14T 34 T 12

3. Approximation
Adding the components together:

S < 1.1620 + 0.0833 = 1.2453
Multiplying by 4 to find the bounds for 45
e Upper Bound: 45 < 4 x 1.2453 = 4.9812
e Lower Bound: Since S > 1+ § + 5= ~ 1.1620, then 45 > 4 x 1.1620 = 4.648

Since 4.648 < 4.5 < 4.9812, the integer part must be 4. One can also add up 1+ % + 2% + %, and
then multiply by 4, which is fairly trivial to compute.
Ans: B O

Question 17
Problem: Find the mean of all values of = + % for dz* + 323 — 222 +3x +4=0.

Solution. This is a reciprocal equation. Divide by 2?:
3 4 1 1
42 43z -2+ -4+ 5 =0 = 4(332—1—2) +3(a:—|—) —2=0
O x x
Let u=z+ % Then 22 + %2 = u? — 2. Substitute:

4(u* —2)+3u—-2=0 = 4> +3u—10=0

This is a quadratic in u. The roots u1, us represent the possible values of z+ % By Vieta’s formulas,
the sum of the roots is u; + us = —b/a = —3/4. The mean is 342 = %/4 =-3/8. Ans: B [

5
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Question 18
Problem: If z + % = /5, what is ! + x%?
Solution. Let V,, = 2™ + 2™ ™. We use the recurrence V,, = V1V,,_1 — V,i—o.
W=2—=Vi=V6—=V=3—=13=2/5
Vo =VoV1 = Vo ...
Tterating: V, =17, V5 = 5v/5, Vg = 18. Using the identity Vi,4n = Vin Vi, — Vip—n:
Vii = VsVs — Vi = (18)(5V5) — V5 = 90v5 — V5 = 895
Ans: C O

Question 19

Problem: P(k) = for k=0,...,n. Find P(n+1).

kJrl

Solution. Define Q(x) = (x 1) () — x. Q(zx) is a polynomial of degree n + 1 with roots at
x=0,1,...,n. Thus Q() z(z—1)(z—2)...(x —n). To find C, let x = —1:

).
Q-)=0-(-1)=1 = 1=0(-1)(-2)...(~(n+1)) = C(=1)" " (n +1)!
(=pr+t

SOC:W

Now evaluate Q(n + 1):

(n+2)Pn+1)—(n+1) =

Solving for P(n + 1):
Pn+1)=
Ans: C O

Question 20

Problem: In isosceles AABC, ZA = 20° and AB = AC. D lies on AB such that AD = BC.
Find ZBDC.

Solution 1 - pure geometry. In AABC, /B = ZC = 80°. Construct equilateral AACFE externally.
Connect DE and DC.

A
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1. In AADE and ACAB: AD = BC (given), AE = AC (equilateral), and ZEAD = 60°+20° =
80°. By SAS, AADE = ACAB.

2. From congruence, ED = AB. Since AB = AC = EC, ADEC is isosceles with FD = EC.

3. e /ADE = ZABC = 80° and ZAED = ZBAC = 20°.
e /DEC =/ZAEC — ZAED = 60° — 20° = 40°.
e Thus, the base angle ZEDC = (180° — 40°)/2 = 70°.

4. /BDC =180° — ZADFE — /ZEDC = 180° — 80° — 70° = 30°.
Ans: C O

Solution 2 - Trig bash (Not Recommended). Normalize by letting BC = AD = 1. In AABC, the

Sine Rule gives:

1 AB sin 80°
= = AB =
sin 20° sin 80° sin 20°

In ABDC, we have /B = 80° and BD = AB — 1. By the Sine Rule:

BD 1
- — sinz(AB — 1) = sin(100° —
sin(100° —x)  sinz sinaz( ) = sin( 2)

Substitute AB:

. sin 80° — sin 20°
sinx -
sin 20°

Using sin 80° — sin 20° = 2 cos 50° sin 30° = cos 50° = sin 40°:

> = sin(100° — )

) sin 40° J o ) o
sin z <sin 200) = sin (2 cos 20°) = sin(100° — x)
Expanding the right side:

2 sin z cos 20° = sin 100° cos z — cos 100° sin x
Divide by sinx and use sin 100° = cos 10°, cos 100° = — sin 10°:

2 cos 20° = cos 10° cot  + sin 10°

2c0820° —sin10° /3 cos 10° 4 sin 10° — sin 10°
= =3
cos 10° cos 10°
Thus, z = 30°. Ans: C [

cotx =

Question 21

Problem: If a,b, ¢ are roots of 2% — 522 + 72 —9 =0, find S = % + Z—i + Z—z.

Solution. The expression simplifies to S = W. From Vieta’s formulas:
eeci=a+b+c=5
e co=ab+bc+ca="T7
e e3=abc=9
7
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Using the identity a® + b3 + ¢ — 3abc = (a + b+ ¢)(a® + b + ¢ — (ab + bc + ca)):
1L a?+b2+c?=e? —2ey =52 —2(7) = 11.
2. a3+ b3+ -3(9)=5(11-7) = a®+b>+c —27=20.
3. a®+ 03+ 3 =47
Thus, S = %. Ans: B O

Question 22

Problem: The number N = 11...1 is divisible by which power of 37
81

Solution. A repunit R, is divisible by 3% if n is divisible by 3*~! (for n > 1). Formally, using the
Lifting The Exponent Lemma for p = 3:

v3(Ry) = v3 <

Since v3(10 — 1) = 2, for n = 81:

10" -1
9

> =v3(10" — 1) — v3(9)

v3(10% —1) = 3(10 — 1) +v3(81) =24+4=6
Then v3(N) = 6 — 2 =4. So N is divisible by 3* = 81. Ans: A O

Question 23
Problem: Sum of p for 2 + 2px — 3p — 2 = 0 if (23 + 23) + (22 + 22) = 4.
Solution. Vieta’s: s =x1 +x9 = —2p and ¢ = x120 = —3p — 2.

° x%—l—x% =52 —2q = 4p® + 6p + 4.

o o} + a3 =s(s* —3q) = —2p(4p? + 9p + 6) = —8p> — 18p> — 12p.

Equation: (—8p® — 18p? — 12p) + (4p> + 6p +4) = 4 = —8p> — 14p? — 6p = 0. Factoring:
—2p(4p+3)(p+1) = 0. The valuesare p = 0,p = —1,p = —3/4. The discriminant A = 4(p+1)(p+2)
must be > 0 for real distinct roots. This excludes p = —1. Remaining p € {0,—3/4}. Sum = —3/4.
Ans: B O

Question 24
Problem: abc = —1,a+b+c =4, —5%— =4/9. Find a® + b* + .

Solution. Since abc = —1, the denominator a> —3a—1 can be written as a? —3a+abc = a(a—3+bc).
As a—3=1—0b— ¢, the expression becomes a(bc —b —c+ 1) =a(b—1)(c —1). The sum is:

Z 1 a4+ 0-1)+(c-1) (a+b+c¢)—3

p (b—1)(c—1)  (a—1)(b-1(c—1)  abc— (ab+bc+ca)+ (a+b+c)—1

Let £ = ab + be + ca. Then:

4-3 1 4
Tatd-1 2z 9 =Y
a?+ 02+ =220 =16—-2(—1/4) = 2. Ans: E O
8
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Question 25

Problem Statement: In AABC, ZA = 60° and AB = 2AC. Let P be a point inside the triangle
such that PA = /3, PB =5, and PC = 2. Find the area of AABC.

Solution. Since AB = 2AC and ZA = 60°, AABC is a 30°-60°-90° triangle with ZACB = 90°
and ZABC = 30°.

1. Construction
Construct AABQ outside AABC such that AABQ ~ ANACP via a spiral similarity centered at A.
Specifically, ZQAB = Z/PAC and % = ﬁ—g. Since AB/AC = 2, it follows that AQ = 2AP = 2/3
and BQ =2CP =4.

B

60°

2. Intermediate Relationships
The angle ZQAP = ZQAB + /BAP = Z/ZPAC + Z/BAP = Z/BAC = 60°.
In AAPQ, since AQ = 2AP and ZQAP = 60°, it is a 30°-60°-90° triangle. Thus:

e PQ=+3AP =+/3(3)=3.
o JAPQ = 90°.

3. Cosine Rule
In ABQP, the sides are BQ = 4, PQ = 3, and PB = 5. Since 32 + 42 = 52, ZBQP = 90°
(DIAGRAM NOT TO SCALE) by the Pythagorean converse.
Now, in AABQ, ZAQB = ZAQP + Z/BQP = 30° + 90° = 120°.
By the Law of Cosines in AABQ:
AB? = AQ? + BQ?* — 2(AQ)(BQ) cos(120°)
AB? = (2v/3)% 4+ 4% — 2(2V/3)(4)(~1/2)
AB* =12+ 16 +8V3 =28 +8V3

4. Area
For a 30°-60°-90° triangle with hypotenuse AB:

Area — + . <AB> - <A3ﬁ> = QABQ

2 2 2 8

9
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28V3+24  TV3+6
8 N 2
Ans: E Il

Area = ?(28 + 8\/§) -

10
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