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Question 1

Consider the statement
“The train will be on time unless it snows.”

Here “A unless B” means “if not B, then A”. Which one of the following is the negation of the
statement?

A It snows and the train is on time.

B It snows and the train is not on time.

C If it snows, then the train will not be on time.

D If the train is not on time, then it snowed.

E It does not snow and the train is not on time.

F It does not snow or the train is not on time.

Question 2

P and @ are statements, and the statement “if P then ()" is false. Consider:
I if not P, then @
II if @, then not P
IIT if P, then not @
IV if not (), then not P
Which of these must be true?

A T only

B II only

C I and II only

D I, IT and III only
E IV only

F L II, III and IV

Question 3

Which of the following statements are logically equivalent to “if P, then @ or R”?
I If P and not @), then R.
IT If not @ and not R, then not P.
ITII Either “if P then @” is true, or “if P then R” is true (or both).
IV “If P then Q” and “if P then R” are both true.
I only
I and II only
I, IT and IIT only
IT and IIT only
I and III only
I, 1T, 11T and TV
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Question 4
A function f from the real numbers to the real numbers is called increasing if, for all real x and y,
if z < y then f(z) < f(y). Which one of the following is equivalent to “f is not increasing”?

A For all real x and y, if © < y then f(z) > f(y).

B There exist real z and y such that, if z < y then f(z) > f(y).

C There exist real z and y with x > y and f(z) > f(y).

D For all real z and y, x > y or f(x) > f(y).

E There exist real x and y with < y or f(x) > f(y).

>

F There exist real z and y with z < y and f(x) > f(y).

Question 5

A student wants to prove the following statement by contradiction:
for every real z, if 22 — 32 +2 <0 then 1 < 2 < 2.

Which of the following is a correct first line for such a proof?

A Suppose that for every real z, 22 — 3z +2 >0 and (z < 1 or z > 2).

B Suppose there is a real # with 22 —3z +2 <0 and (z < 1 or x > 2).

C Suppose there is a real z with 22 — 32z +2 <0 and z < 1 and 2 > 2.

D Suppose there is a real z with 22 =3z +2>0and 1 <z < 2.

E Suppose there is a real  with 22 —3z+2>0o0r 1 <z < 2.

F Suppose there is a real = such that, if 22 — 3z +2 < 0 then (z < 1 or z > 2).

Question 6

Consider the statement
for all real z, if sinz > 0 or cosx > 0, then sinx + cosx > 0.
How many of the following values of x are counterexamples to this statement?

m 27 o 7 T ks

& 3 6 & 3 1
Al
B 2
C3
D4
E 5
F 6

Question 7
A student is asked to prove: for every integer n, if n3 is odd then n is odd. The student writes:

“Let n be odd, so n = 2k+1 for some integer k. Then n® = 8k3+12k?+6k+1 = 2(4k3+6k>+3k)+1,
which is odd. This proves the statement.”

Which of the following is correct?

A The argument proves the converse. The statement is true, but this is not a proof of it.
B The argument is valid and proves the statement.

C The argument proves the contrapositive of the statement, so it is valid.

D The argument contains an algebraic error.

E The argument proves the converse, and the statement is false.
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Question 8

For a real number x, how many of the following statements are true for every real x?

I
1T
111
v
Vv
VI

mEHOQW >
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z>2if 22 > 4.

x > 2 only if 22 > 4.
2?2 > 4 if and only if |z| > 2.
x3 > 8 only if 2 > 2.

2 >4 if 23 > 8.

z? > 4 only if 23 > 8.

1

Question 9

For a real number z, the condition

is

sinx > %
for cos 2z < %

Caw»

necessary but not sufficient
sufficient but not necessary
necessary and sufficient
neither necessary nor sufficient

Question 10

Which of the following statements are true for every real x?

I
11
I1I
v

mMmE OQwm»

sinz + cosz < /2
sinzcosx < %
sin*z + costz > %
sinx +cosx > —1
I only

I and IT only

I, IT and IIT only
I, IT and IV only
IT and IIT only

I, 11, IIT and IV
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Question 11

A student solves the inequality sinx cosz > cos? z for 0 < < 2 as follows.

“When cosz = 0, both sides are 0, so the inequality fails. Otherwise cos?z > 0, so I can divide
by it without changing the direction of the inequality, giving tanz > 1. Hence the solution set is
T <x < 5 together with %’r <z < 37”.”

Which of the following is correct?

A The final answer is correct and the argument is valid.

B The final answer is wrong, because dividing by cos?

x may reverse the inequality.
C The final answer is wrong, because solutions with cosx < 0 have been lost.

D The final answer is wrong, because it includes values where cosx = 0.

E The final answer is correct, but the argument is invalid.

F The final answer is wrong; the solution set is T <z < %.

Question 12
Which of the following statements are true for every x with 0 < x < g?

I sinx+cosz >1

IT sin2x < 2sinx
IIT cos2z > cosx
IV tanz > sinzx

A T only

B I and II only
C I, IT and III only
D II and IV only
E I, II, IIT and IV
F I, IT and IV only

Question 13

For a positive integer n, consider the four statements
(L 4fn,  (2)6]n, ()12|n,  (4)8]n.

Let T be the set of positive integers satisfying all four. A statement is called removable if deleting
it from the list does not change the set of integers satisfying all the remaining statements. Which
of the following is true?

A Each of the four statements is removable.

B Only statement (4) is not removable.

C Only statement (1) is not removable.

D Only statements (3) and (4) are not removable.

E No statement is removable.

F Only statements (2) and (4) are not removable.
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Question 14

For a positive integer n, consider
A: 4|n, B: 6]|n, C: 8|n? D: 12| n®

Which one of the following is true?

A A is equivalent to C, and B is equivalent to D.

B A is equivalent to C, but B is not equivalent to D.
C B is equivalent to D, but A is not equivalent to C.
D Neither A is equivalent to C, nor B to D.

E A is equivalent to D, and B is equivalent to C.

Question 15

For a real number z, consider the five statements

x> 1, :U2>1, :E3>1, z > —1, 2 >z

Find the complete set of real x for which exactly two of these statements are true.

A xrx< -1

B -1<x<0
Cz<0

D z<0and x # —1
E z<0and z # —1
F there is no such x

Question 16

Let a, b, ¢ be real numbers and f(x) = az? + bz + ¢. Consider the conditions
(1) a >0, (2) bV < 4dac, (3) ¢>0, (4) f(x) > 0 for every real x.

Which of the following must be true?
I Conditions (1) and (2) together imply (3).
IT Condition (4) implies both (1) and (2).
ITI Conditions (2) and (3) together imply (1).
I only
IT only
I and IT only
I and IIT only
IT and IIT only
I, IT and III
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Question 17

For real numbers a and b, consider the four conditions

(1) a+b>0, (2) ab >0, (3) a>0,

(4) b>0.

How many of the six pairs of these conditions are such that the two conditions together are equivalent

to all four conditions holding?
A0
B1
C 2
D3
E 4
F5

Question 18

The function f is continuous and increasing on [0, 1]. Which of the following must be true?

1
1 r@dr< r)

1 1
II/Oa:f(x)de;/o f(z)dx

1/2 1
111 (z)dx < f(z)dx
0 1/2
A Tonly
B II only
C IITI only

D I and IIT only
E II and IIT only
F I, IT and III

Question 19

The function f is continuous on the real numbers and satisfies f(—x)
a > 0. Which of the following must be true?

I af(x)dxzo

I /Oaf(x)dx:/oaf(a—x)d:c
11 /_Z:rf(x)d:sz

2a
v f(x—a)de=0
0
A T only

B I and IT only

C T and IV only

D I, IT and IV only
E I, II, IIT and IV
F II and III only
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Question 20

For each positive integer n, S(n) is a statement. It is known that S(10) is true, and that for every
positive integer n,

if S(n) is true then S(n + 3) is true, and if S(n + 2) is true then S(n) is true.

Which of the following is the set of positive integers n for which S(n) must be true?
A {10}
B {2,4,6,8,10}
C {2,4,6,8,10} U {13,16,19,...}
D {1,2,...,10}
E {10,11,12,...}

F all positive integers

END OF PAPER
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